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Table 1 Time to reach 100 AU (comparison with Sauer)

Time to reach 100 AU, years

Sauera Our current work
Closest distance

β from sun, AU

0.3 0.15 10 27.88b

0.3 0.2 11 16.79b

0.3 0.3 13 15.02
0.3 0.4 16 17.53
0.4 0.1 6.5 7.09
0.4 0.15 7.5 7.72
0.4 0.2 9 8.64
0.4 0.3 11 10.66
0.4 0.4 13 12.8
0.5 0.1 5.5 5.19
0.5 0.15 6.5 6.24
0.5 0.2 7.5 7.21
0.5 0.3 9.5 9.02
0.5 0.4 11.5 10.77
0.59 0.1 5.0 4.63
0.59 0.15 6 5.61
0.59 0.2 7 6.50
0.59 0.3 8.5 8.11
0.59 0.4 10.5 9.65
0.79 0.1 4.0 4.00
0.79 0.15 5.0 4.83
0.79 0.2 6 5.57

aThese times were estimated from Fig. 8 in Ref. 3 using characteristic
accelerations that correspond with β.
bCorresponds to trajectories that are stranded in large elliptical orbits.

V. Comparison with Sauer
We have compared our results with Sauer’s time-optimal solar-

sail trajectories to reach a particular distance.3 We ran our sim-
ulations beyond escape and compared the time it took for our
trajectories to reach 100 AU with those of Sauer. The results of
this comparison can be found in Table 1. Sauer’s globally optimized
trajectories are found from satisfying the necessary conditions for
optimality, whereas our trajectories follow an explicit guidance law.
Surprisingly, this difference in approach has a relatively small effect
on flight times in most cases. Although our locally optimal energy
control law was not designed to minimize time to reach 100 AU, our
flight times compare favorably with Sauer’s optimized results. We
note from Table 1 that for β > 0.3 the flight times of our trajectories
get close to Sauer’s and even surpass them, reaching 100 AU in less
time. (This might be caused by having to interpolate Sauer’s time-of-
flight data from a plot.) This indicates that our control methodology
is in some sense near optimal for some situations. Differences be-
tween our results arise when the trajectory following our law fails
to achieve escape before reaching a highly elliptical orbit.

VI. Conclusions
This study explores the use of simple guidance laws that minimize

or maximize orbit energy along a solar-sail trajectory to achieve es-
cape conditions. We have established that maximizing the change
in orbit energy at every instant along the trajectory does not neces-
sarily minimize the time to escape. We found in general that first
maximally decreasing energy and then maximally increasing en-
ergy leads to shorter escape times than escape trajectories that only
maximally increase energy. These trajectories not only achieved
escape in shorter time spans, but they also achieved escape using
smaller values of β as compared with initially circular and ellip-
tic trajectories. Using these controls, it is feasible to launch rela-
tively poor performance solar sails (β = 0.3) into escape trajecto-
ries from the sun in less than one year. For high-performance sails
(β ≥ 0.4), the time to escape is insensitive to the energy minimizing/
maximizing control strategy. Unlike most other works, we have fo-
cused on finding a general strategy for solar escape instead of de-
signing trajectories for specific missions. Future research can begin
with these simple controls to find generally applicable optimization
strategies and can consider controls that maximize the final escape
energy of the sail.
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Nomenclature
A j , Bj = components of Fj

b = parameter for biasing an empirical gamma
distribution, m/s

c = parameter in empirical model for mean normalized
power spectrum density

E = variance coefficient of power-spectrum-density
model, m2/s2

Fj = Fourier series,
√

[(m2/s2)/(m/s)]
n = wave number, 1/m
r1 j , r2 j = random number sequences that are tangents of j

uniformly distributed random phase angles in the
interval from −π/2 to +π/2

u and v = east–west and north–south wind components,
respectively, m/s; sign convention eastward and
northward wind positive

z = altitude, km
β = parameter of a gamma distribution, s/m
γ = parameter of a gamma distribution
σ = standard deviation of high-pass filtered wind profile,

m/s

Introduction

I DEALLY, a statistically representative sample of measured high-
resolution wind profiles with wavelengths as small as tens of me-

ters is required in design studies to establish aerodynamic load indi-
cator dispersions and vehicle control system capability.1−3 At most
potential launch sites, high-resolution wind profiles might not ex-
ist. Representative samples of relatively low-resolution Rawinsonde
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wind profiles to altitudes of 30 km are more likely to be available
from the extensive network of measurement sites established for
routine sampling in support of weather observing and forecasting ac-
tivity. Such a sample, large enough to be statistically representative
of relatively large wavelength perturbations, would be inadequate
for launch-vehicle design assessments because the Rawinsonde sys-
tem accurately measures wind perturbations with wavelengths no
smaller than 2000 m (1000-m altitude increment). The Kennedy
Space Center (KSC) Jimsphere4−6 wind profiles (150/month and
seasonal 2- and 3.5-h pairs) are the only adequate samples of high-
resolution profiles (∼150–300-m effective resolution, but oversam-
pled at 25-m intervals) that have been used extensively for launch-
vehicle design assessments. Therefore, a simulation process has
been developed for enhancement of measured low-resolution Raw-
insonde profiles that would be applicable in preliminary launch-
vehicle design studies at launch sites other than KSC. The simulation
of vertically nonhomogeneous horizontal gusts for enhancement of
low-resolution wind profiles along the vertical was addressed in an
earlier paper.3 The simulation was based on stochastic models for
two-point (in the vertical) covariance functions of gust components
and models for the vertical variation of gust component standard de-
viation and gust length scale. This Note addresses the same objective
with a different approach.

Simulation Process
The simulation process is based on a power-spectrum-density

(PSD) model for wind-profile perturbations derived from samples
of high-resolution KSC Jimsphere wind profiles. The magnitude
of the simulated perturbations is established by assignment of the
total perturbation energy to the simulated perturbation profile from a
model based on KSC winter season perturbation data that tend to be
more severe than in the other seasons. The seasonal and geographic
variation of wind-profile perturbations with wavelengths less than
2000 m is unknown. Engineering application will require imposing
a degree of conservatism that accounts for the uncertainty.

The model for the normalized PSD (NPSD) for wind component
profile perturbations is of the form

NPSD(n) ∝ nc (1)

Normalization with respect to the variance produces a PSD that in-
tegrates to unity over the applicable wavelength range. The value
of c(−2.62) is derived from the mean NPSD (MNPSD) of each
wind component (Fig. 1) calculated from 518 high-pass filtered
KSC winter Jimsphere profiles. The high-pass filtered wind profile
is the inverse transform of the truncated Fourier transform of the

Fig. 1 Mean normalized PSD of 518 winter Jimsphere u- and
v-component wind profiles and PSD model.

wind profile; harmonics for wavelengths greater than 2000 m are
set equal to zero. The filtered wind profile has no spectral energy
outside the wavelength range (50–2000 m) of the retained Fourier
components and the Gibbs oscillation (filter transfer function side
lobe noise) has not been detected. The line with slope minus 2.62
illustrated in Fig. 1 represents the form of the PSD model [Eq. (1)]
that is a very good fit to the mean normalized PSD for wave number
as large as 0.007 m−1 (∼150-m wavelength) for the eastward wind
component u and 0.0050 m−1 (∼200-m wavelength) for the north-
ward wind component v; the effective vertical resolution (EVR) of
the Jimsphere system is defined by these wavelengths. The degra-
dation of the Jimsphere system signal-to-noise ratio at higher wave
numbers (inverse wavelength) is evidenced by the deviation of the
MNPSD from the −2.62 slope illustrated in Fig. 1. These values
of EVR (150 m for u and 200 m for v) based on analysis over the
entire altitude range of the Jimsphere wind profiles are in general
agreement with other studies.6 High-altitude segments of Jimsphere
profiles can have an EVR that can be as large as 300 m because the
data-processing scheme of the Jimsphere system adjusts the data-
smoothing interval as a function of detected noise level in the radar
balloon tracking data, which tends to be larger at high altitudes and
large slant ranges.5

Application of the PSD model for simulation of wind-profile
perturbations in the 50–2000-m wavelength range requires real and
imaginary components, A and B of a Fourier series F to be uniquely
defined for each simulation:

Fj = A j + Bj i (2)

In Eq. (2) j is the Fourier series harmonic index (1-400), and
i = √−1. The values for A j are Bj calculated from

A j =
√

PSD j
√

1 + r12
j

r1 j

|r1 j | , Bj =
√

PSD j
√

1 + r12
j

/
r12

j

r2 j

|r2 j | (3)

where the PSD of each wind component is

PSD j = A2
j + B2

j (4)

and r1 j is a random number sequence that is the tangent of j uni-
formly distributed random phase angles in the interval from −π/2 to
+π/2. The random number r2 j is also uniformly distributed within
equal intervals on either side of zero. The quantities r1 j/|r1 j | and
r2 j/|r2 j | ensure that the random phase at each harmonic can be in
any quadrant. A unique set of j values of r1 and r2 are generated for
each simulated wind profile. Thus, each simulated wind perturbation
profile is uniquely determined by its unique random phase distribu-
tion. The justification for random phase is established from analysis
of the Jimsphere wind-profile phase spectrum. The phase distribu-
tion determines how the Fourier components combine to produce a
unique simulated time series, for an invariant PSD at each harmonic.
Note that the PSD in Eqs. (3) and (4) is not normalized, that is, it is
of the form

PSD(n) = Enc (5)

Parameter E is set such that a desired value of the variance is ob-
tained when the PSD function is integrated over the wave-number
range (1/2000–1/50 m−1). The units of PSD are variance per wave-
number interval, which for this study is {(m2/s2)/(1/m)}. The final
step in the simulation process is to generate the simulated time se-
ries by calculating the inverse Fourier transform of Fj . Two sets of
values for the series Fj , calculated from A j and Bj [Eqs. (2) and
(3)] are required: one set for each wind component. The variance
of each simulated wind component perturbation profile is adjusted
to a value obtained by random selection from an empirical gamma
probability distribution of standard deviation σn (square root of vari-
ance) derived from the 518 KSC winter high-pass wind component
profiles. The gamma probability density functions in the 50–2000-m
wavelength range are of the form

σ(β, γ ) = [βγ /�(γ )](y − b)γ − 1 exp[−β(y − b)] (6)
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Table 1 Parameters β, γ, and b of gamma
distributions for u and v wind component

perturbation standard deviation σ

Wind component β, s/m γ b, m/s

u 12.13 12.43 0.42
v 6.89 5.31 0.90

where β and γ are estimated from sample statistics of σ for each
wind component and b is an empirically derived bias parameter that
ensures the best fit to the observed distribution7:

γ =
(

mean(σ − b)

stdev(σ − b)

)2

β = γ

mean(σ − b)
(7)

The values for β, γ , and b are listed in Table 1. The theoretical
cumulative gamma probability functions for wind component stan-
dard deviations (50–2000-m wavelength band) are derived by inte-
gration of Eq. (6) from a lower limit of zero to any desired value y
for σ .

The simulated wind component perturbation profiles are adjusted
such that the variation of component standard deviation as a func-
tion of altitude observed in the original sample of 518 high-pass
filtered Jimsphere wind component profiles is reproduced in the
simulated profiles.7 To address a concern that the high-pass filtered
wind component standard deviation illustrated can be unduly influ-
enced at high altitudes by Jimsphere tracking system noise and data
gaps, the standard deviations were also calculated from a sample
of 26 high-resolution Automated Meteorological Profiling System
(AMPS) wind profiles.8 The AMPS wind measurement error is not
sensitive to balloon azimuth and altitude because it is based on
global positioning system tracking for determination of balloon po-
sition and calculation of wind vectors along the balloon trajectory.
The standard deviations from this relatively small sample of AMPS
profiles obtained during a five-month period exhibit the same behav-
ior derived from the larger Jimsphere winter sample. The empirical
function derived from the Jimsphere sample also fits the AMPS
variation.7

The enhancement process is completed by adding a unique sim-
ulated wind component perturbation profile to each Rawinsonde
wind component profile that has been cubic-spline interpolated to
the same altitude interval (25 m) as the simulated profile.7

Summary
Detailed wind profiles that are statistically representative at a

selected launch site are a critical requirement in design studies to
establish vehicle structural integrity and program risk for vehicle
operations within the range of detailed wind-profile variability. A
methodology has been developed for simulation of wind-profile per-
turbations in a prescribed wavelength band. These perturbation pro-
files to wavelengths as small as tens of meters are appended to
statistically representative low-resolution Rawinsonde wind-profile
databases that are likely to be available at or near candidate launch
sites. The simulation process is based on the inverse transform of
the Fourier series having random components that define the PSD
and the uniformly distributed phase angles of the Fourier harmon-
ics. The PSD model for wind-profile perturbations is derived from
a large sample (518) of Jimsphere detailed wind profiles. Profiles
so derived are a reasonable choice for initial launch-vehicle design
studies. Once a launch site is selected, it would be prudent to es-
tablish a wind-profile measurement program based on Jimsphere or
its equivalent to obtain a statistically representative sample of de-
tailed wind profiles. As the development process continues toward
commitment to hardware production, the vehicle design originally
based on enhanced Rawinsonde profiles could be assessed with the
launch site high-resolution wind profiles.
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Introduction

I N many practical solid-rocket-motor design efforts, final geo-
metric designs for grains are arrived at using numerical layering

techniques. This process is geometrically versatile and imminently
practical for cases where small numbers of final geometries are con-
sidered. However, for a grain-design-optimization process where
large numbers of grain configurations must be considered, the gener-
ation of grids for each candidate design is often prohibitive. For such
optimization processes, analytical developments of burn perimeter
and port area for two-dimensional grains are critically important.1

Most modern rocket-propulsion texts do not provide geometric de-
tails for grain design.2,3

Analytical developments for solid-rocket-motor grains were
much more prevalent in the decades before widespread use of micro-
computers. A summary of one version of the burnback equations for
the star grain and for part of one type of wagon wheel can be found

Received 17 June 2003; presented as Paper 2003-4506 at the AIAA/
ASME/SAE/ASEE 39th Joint Propulsion Conference, Huntsville, AL, 20–
23 July 2003; revision received 10 September 2003; accepted for publication
10 September 2003. Copyright c© 2004 by the authors. Published by the
American Institute of Aeronautics and Astronautics, Inc., with permission.
Copies of this paper may be made for personal or internal use, on condition
that the copier pay the $10.00 per-copy fee to the Copyright Clearance
Center, Inc., 222 Rosewood Drive, Danvers, MA 01923; include the code
0022-4650/04 $10.00 in correspondence with the CCC.

∗Associate Professor, Aerospace Engineering Department. Member
AIAA.

†Professor, Aerospace Engineering Department. Member AIAA.


